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#QBF Problem
@00

Quantified Boolean Formulas

o = Q.F = Q1X102X2 Qka . F(Xl,Xg,.. .,Xk) is a QBF, where
Q,‘ S {H,V} and Q,‘ 75 Q,‘+1,i= 1,2,/( — 1.

X; are pairwise disjoint set of variables.

F(X1, Xa,...Xk) is a CNF formula.

o If Q =3 (resp.Q; =V), then all variables x € X; are called existential (reps. universal) variables.
o E, U are the sets of all existential and universal variables respectively.

o For x € Xj and y € X;, with i < j, we say that x occurs to the left of y in Q (denoted x <q y).

For a existential variable e, Lo(e) ={u| v € U and u <g e}

Anil Shukla Q-MICE 22/07/26 2/29



#QBF Problem
oeo

QBF as two player game

Q.F =Vuy; Je; Vup Jey . (61\/72)/\(71\/ UQV?Q)/\(H\/TQVGQ)

@ Q.F can be seen as a two player game: 3-player and V-player.

Existential player: Tries to make CNF True
Universal player: Tries to make CNF False

Existential player has a winning strategy < QBF is True

Universal player has a winning strategy < QBF is False
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Winning Strategies, Witness Assignments, and #QBF Problem

@ A Boolean function for e (denoted S.) is a function from assignments to variables in Lg(e) to
{0,1}.
o A strategy S for existential player is a set of such Boolean functions S, one for every e € E.

@ S is a winning strategy if assigning each e € E according to it always makes existential player
win.

How to prove that two strategies S; = {S1x(Lq(x)) | x € E}, So = {Sox(Lo(x)) | x € E} are
different?

@ Provide a complete assignment « to U, (witness assignment)

@ such that, for some x € E, S1x(lg(x) # S2x(@io(x))

#QBF Problem
Given a True QBF, how many distinct winning strategies does it have?
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#QBF Basic Proof Systems
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Naive proof system for #QBF

For a True QBF Q.F,

@ Enumerate all k existential strategies

e Provide a proof that they are all correct winning strategies and
e provide (’2‘) witness assignments to show that these strategies are all different

@ Prove that there are no other winning strategies of Q.F
e can be achieved by providing a refutation of a QBF carefully encoded to capture this (next slide).

Any QBF which has exponential many winning strategies has an obvious lower bound in the Naive
system.
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#QBF Basic Proof Systems
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Absence of models

We use similar encoding in Q-MICE also.

Given a True QBF Q.F and a set of winning strategies Si, ..., Sk,
the following QBF is False if and only if there are no other winning strategies for Q.F

3y, .y @Q . F A\ (/\ (v aiw) > \/ (e # Sf,e(&i))>

ic[k] \ueU ecE
This statement encodes that:
o there is a k + 1" strategy for Q.F.
@ it is different from the given k strategies as proved by the k witness assignments a’, ..., .
@ it is a winning strategy for Q.F
Hence, proving that this is a FQBF disproves the existence of any such strategy!
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#QBF Basic Proof Systems
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Universal Expansion: VExp+MICE

Popular technique in the QBF proof complexity [Janota and Marques-Silva, TCS 2015].

Proposition

A true QBF ®, when expanded with all complete assignments to universal variables, leads to a CNF
formula ¢ such that every model of ¢ leads to a distinct model of ® and vice versa. In other words,
their model-counts are the same.

Proofs in VExp+MICE are exponential in terms of the number of universal variables in the QBF.
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Q-MICE Preliminaries
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Full Binary Assignment Tree for QBFs

Vup de1r Yup dey . (el VFQ)/\(W\/ us \/672)/\(71\/72\/ 6‘2)
Dashed edges for 0, solid edges for 1.

Satisfiability of QBF:
existential node — V
universal node — A

’

T ’
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N

1 1
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Q-MICE Preliminaries
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Full Binary Assignment Tree for QBFs (contd.)

Model Tree:
o Existential node has 1 outgoing edge

Yup de; Vup dey . (el \/E)/\(W\/ u» V?Q)/\(W\/E\/ 62)
Universal node has both outgoing edges

o
@ contains the root node
o

All leaves are 1

Sy ={Se =1,5., = )}
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Full Binary Assignment Tree for QBFs (contd.)

Model Tree:
o Existential node has 1 outgoing edge

Yup de; Vup dey . (el \/E)/\(W\/ u» V?Q)/\(W\/E\/ 62)
Universal node has both outgoing edges

o
@ contains the root node
o

All leaves are 1

S1={5., = 1,5, = w}
52 = {5e1 = 175e2 = uy <> UZ}
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Full Binary Assignment Tree for QBFs (contd.)

Vup deq Yup dey . (61V72)A(71V U2\/€72)/\(U71\/U72\/62)

’
2 7
K !

A
1 1

Anil Shukla Q-MICE

#QBF = Number of model trees:
existential node — +
universal node — x

S1={S,, =1,5, = wn}

82 = {Sel = 1,562 = Uy < U2}
S3={Se;, =1,5., =11 V p}
Sy = {Sel = ].,562 =u N U2}
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Subtrees and QBF restrictions

® :=Vu; deg Vupr deyp . (61 VE)A(HV u» \/6‘72)/\(71\/72\/ 62)
Restricting existential variables:

d)’{eg:@} =VYu deg Yup dey . (61 \/FQ) AN (71 V up V ?2) A (WVFQV 62) A (6‘2 — U2)
1
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Subtrees and QBF restrictions (contd.)

$ :=Vu; deg Vur dey . (61 VFQ)/\(W\/ us \/672)/\(71\/72\/ 6‘2)
Restricting universal variables:

q)’{ul:O} # Y dey Yup Je . (6‘1 V 72) A (71 Vu VvV ?2) A (71 Vu VvV 62) VAN (71) — False QBF
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Subtrees and QBF restrictions (contd.)
$ :=Vu; deg Vur dey . (61 VFQ)/\(W\/ us \/672)/\(71\/72\/ 6‘2)
Restricting universal variables:

q)’{ul:O} 7& Vup der Yup dey . (6‘1 Vv 72) AN (71 Vu VvV ?2) A\ (71 Vu VvV 62) A\ (71) — False QBF
Making it existential will work:

d)’{ul:O} = Juy deq Yup dey . (61 V72) A\ (71\/ u» \/FQ) A (uTVu?\/ 62) A (71)

X
0
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Q-MICE (Quantified Model-counting Induction by Claim Extension)

For #SAT, the proof system MICE [Fitche, Hecher, Roland, SAT 2022, Beyersdorff, Hoffmann,
Spachmann SAT 2023] has claims of the form (F, «, ¢) where

@ F is a CNF formula,
@ « is a partial assignment

@ c is the correct number of models for F|,.
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Q-MICE (Quantified Model-counting Induction by Claim Extension)

For #SAT, the proof system MICE [Fitche, Hecher, Roland, SAT 2022, Beyersdorff, Hoffmann,
Spachmann SAT 2023] has claims of the form (F, «, ¢) where

@ F is a CNF formula,
@ « is a partial assignment

@ c is the correct number of models for F|,.

Similarly in Q-MICE, we define claims to be of the form (Q.F|,, A, ¢) where
@ Q@.F is the input QBF,
@ pis a partial assignment to universal variables (p can be empty),
@ A is a partial strategy for existential variables
oie A={S |xeXCE}
@ c is the number of ways to extend A s.t. it is a winning strategy to Q.F|,.
e i.e. c is the correct model count for the QBF Q.F|{puA}
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Q-MICE Proof System

Q-MICE has the following inference rules:

@ Axiom rules

@ Composition rules: for manipulating the existential variables.
It consists of three independent subrules :

e composition-a,
e composition-b,
e composition-c

All these rules require an absence of models statement and its proof.

@ Join rule: designed for manipulating the universal variables.
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Q-MICE Proof System

Q-MICE proof
Q-MICE proof of a QBF @.F with exactly k distinct winning strategies is a sequence of claims

le"'aLSa

where Ls = (Q.F,(, k) and every L; is either an axiom or is derived using the inference rules applied
on already derived claims.

Complexity measures of Q-MICE
For a Q-MICE proof 7 of a QBF Q.F,

@ Length of 7 is the number of claims in it,

@ Size of 7 is the length of 7 plus the additional witness, false QBFs proofs, and tautology proofs
sizes.
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Axiom-Rule: Examples

¢ =Vu; deg Vur des . (el \/LTQ)/\(WV u» V?Q)/\(WVFQVGQ)

2

2 [/
0 O
vy
1 1 1

Model count: existential node — +
universal node — X

single child: copy

Tautology proof explicitly is provided.

Example 1:

(¢U1=07 {el = 1}74)
¢ = 4 can be computed linear in n.
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Axiom-Rule: Examples

¢ =Vu; deg Vur des . (el \/LTQ)/\(WV u» V?Q)/\(WVFQVGQ)

Model count: existential node — +

Example 2: universal node — x

(®u,—0, {1 = T1, & = 0}, 1) single child: copy
¢ = 1 can be computed linear in . Tautology proof explicitly is provided.
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Axiom-Rule

For a QBF @.F, one can derive W when
AP )

o Fluay is a Tautology and an explicit proof of the same is provided.
@ c is calculated efficiently as follows:

Initially count=1, start from the innermost quantified variable (say x) in Q.
e if x is existential and ¢ A then count = 2 - count

o if x is universal and & p then count = count?

o At the end of the reverse quantification sequence, ¢ = count
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Composition-a Rule

Q.F :=Vu; Je; Vup Jey . (61V72)A(71VU2V?2)A(71V72V€2)

(®]u;=0,u,=0, {€1=0,62=0}, 1) , (®|s;=0,u,=0, {€1=0,2=1}, 1)

Example: @luy—our-0. {e1=0], L+1)
Absence of models: Q".F A (e1) A (e2 Z0) A (ex # 1)
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Composition-a Rule (contd.)

~ (Q.Fly, A1, 1), (Q-Flp, An, 1)
For a QBF Q.F, one can derive (Q.F|p, A, 1) . when

o All Ay, ..., A, are complete strategies and A C Nicy)Ai
o All Ay, ..., A, are pair-wise distinct i.e. (g) witness assignments needed

@ Absence of models proof for existential variables in A; \ A

3dy, ... @,Q . FA N\ (XHSA,X)/\/\< N weo)— (e¢>5A,.7e(&,-))>

x€Evars(A) i€[n] \ueU\vars(p) e€vars(A1\A)
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Composition-a Rule (contd.)

~ (Q.Fly, A1, 1), (Q-Flp, An, 1)
For a QBF Q.F, one can derive (Q.F|p, A, 1) . when

o All Ay, ..., A, are complete strategies and A C Nicy)Ai
o All Ay, ..., A, are pair-wise distinct i.e. (g) witness assignments needed

@ Absence of models proof for existential variables in A; \ A

3dy, ... @,Q . FA N\ (XHSA,X)/\/\< N weo)— (e¢>5A,.7e(&,-))>

x€Evars(A) i€[n] \ueU\vars(p) e€vars(A1\A)

Axiom rule (with p = () and Composition-a rule are sufficient for completeness of Q-MICE.
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Composition-b Rule

For simplifying the existential strategy in a hypothesis claim
Q.F :=VYu; Je; Yur Jey . (1 VIR) ATV 12 VE) A(TTVTRVer)

Example: (¢|ulzla {61:17622112}7 1)
P& (o], _1, {a=1}, 1)

Absence of models:
doyduFeVurdes . (61 \/FQ) vV (Tlv u» \/6) A (71\/72\/ 62) A (Ul) AN (61) AN

(
(1 V&) (12 VayVe) (T2 V &) (lVazVe)
(12 V a2) (12 vV @2)
(

(Res)

(Vred) (o2) @
1
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Composition-b Rule (contd.)

Fl,, A1, c
For a QBF Q.F, one can derive ((%Flfp, Al’ 611))’ when

e ACA;

@ Absence of models proof for existential variables in A; \ A
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Composition-c Rule

(Q.Flp, A1, c1),-..(Q.Flp, An, cn)
(QFlp A > i) vhen
i€[n]
o All Ay, ..., A, are (partial) strategies for the same existential variables and A C Nie[n)Ai

For a QBF @.F, one can derive

o All Ay, ..., A, are pair-wise distinct i.e. (g) witness assignments needed
@ Absence of models proof for existential variables in A; \ A
@ Let x be the innermost 3-variable in Q that € A; \ A.

o All existential variables of Q@ s.t. y <g x = y € vars(A)).
o All universal variables of Q@ s.t. y <o x = y € vars(p).

Anil Shukla Q-MICE 22/07/26 23/29



Q-MICE
000000000008000

Join Rule

To drop universal variable restrictions from claims
Q.F:=Vu; Jeg Vur e . (e V) A (i1 V up VE) A (1 Vi V &)

E le: (®lu =0, {e1=1}, 4) , (®|y =1, {&1=1}, 1)
xampre: (@, {e1=1}, 41)
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Join Rule (contd.)

(Q-Fl ury=or: A a)(Q-Fl,ury=11, A @)
For a QBF Q.F, one can derive Py O}(Q.F|p, A, Cl-é);){y 1 , when

o All existential variables x s.t. x <gy == x € vars(A).
@ All universal variables x s.t. x <gy = x € vars(p).
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Q-MICE proof example

® = Vu; de; Vur dey . (61V72)A(71V U2\/€72)/\(U71VU72\/€2)

L1 = (¢|{U1:0}’ {e1 = 1},4) (Axiom)

L2 = (@‘{ul:l}, {e1 = ].7 € = Ug}, l) (Axiom)

L3 = (P|y=1,{e1 = 1},1) (Composition-b on Ly)

<absence of models: shown in example>

Ly = (P,{e1 = 1},4) (Join on Ly, L3)

Ls = (¥,0,4) (Composition-b on Ly)

@ The absence of models statement is
required.

Anil Shukla
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#QBF Landscape

Q.xn: easy
-MICE
Q.®,: easy

Q.Xn: hard | Naive|-------------- VExp+MICE | Q.x,: hard
Q.®,: easy 9Q.®,: hard
Prop. formula F,: hard Prop. formula F,: easy

Quantified XOR-Pairs:

Q.Bp:=Vur,...,us I Xxj
i#j€ln]

Indexed Affine QBFs:

Q. Xn:=YU1...Uogn IXVVi...Vy 3y1...¥n - /\I-#(u)(y,- =Vvi®x)A(yy = vy ®X)

Anil Shukla Q-MICE
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Discussions

Discussions

@ Exponential lower bounds for Q-MICE?
e A possible candidate: propositional XOR-PAIRS.

@ MICE proof system [Fitche, Hecher, Roland, SAT 2022,] is shown to be very useful for proof
logging.
@ We hope that Q-MICE plays a similar role in QBF model counting.
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Thank you. J
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Separating Formulas

Indexed Affine QBFs:
Qxn:=Vur.. . Uogn IXVVi...Vy Iy1...yn. /\,-#(u)(y,- =vi®x)A(yy = v, ®X)
These have linear number of universal variables and exponential many winning strategies.

Q.xn formulas require exponential size proofs in both the Naive and the VExp+MICE proof systems.
Q.xn formulas have a polynomial size Q-MICE proof.

Q-MICE is exponentially separated from the Naive and YExp+MICE proof systems.

Quantified XOR-Pairs:
Q.@n = Vul, wy Up i;éjzle[n]xu . /\I';éjé[n](x"vj Ui D UJ)

n universal variables = exponential lower bound for VExp+MICE.
#QBF(Q.®,) =1 = Easy for Naive system using a sufficiently powerful FQBF proof system
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XOR-PAIRS

By =V oty 3 X Nsa(Xii 1 D U
Q.& h u i;éje[n]xd /\/;éje[n](xd u J)

n universal variables = exponential lower bound for VExp+MICE.
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XOR-PAIRS

By =V oty 3 X Nsa(Xii 1 D U
Q.& h u i;éje[n]X’J /\/;éje[n](xd u J)

n universal variables = exponential lower bound for VExp+MICE.

XOR-PAIRS has linear sized Q-MICE proofs.

(Axiom rule) Ly := (Q.@®n, A:={S,, = uj® ujli #j € [n]}, 1)
(Composition-b rule) Ly := (Q.EBH, 0, 1). The absence of models statement is:

da Vu, ..., u, ) 3 Xij- /\ (X;J(—) u;@UJ)/\ ((u1 :al/\.../\u,,:a,,)—>( \/ X;J#Oz,'@aj))
i#JEl] 7 ijeln] i#j€[n]
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XOR-PAIRS

By =V oty 3 X Nsa(Xii 1 D U
Q.& h u i;éje[n]X’J /\/;éje[n](xd u J)

n universal variables = exponential lower bound for VExp+MICE.

XOR-PAIRS has linear sized Q-MICE proofs.

(Axiom rule) Ly := (Q.@®n, A:={S,, = uj® ujli #j € [n]}, 1)

(Composition-b rule) Ly := (Q.EBH, 0, 1). The absence of models statement is:

3d Yuy, ..., up -;5-3[ ]x,-’j. AN xijeou®u)A(u=a1A. . Aup=an)—( V xj#aidaqj))
1£JE|n ,'75

j€[n] i#j€[n]
Xij > Ui & uj (=1t AN Auy=ap) = ( V xij#ai®q)
it (Prop. Frege inference)
(U1:Oé1/\.../\un:an)—)( \/ U;@Uj#a;@aj) ’
i#j€ln] . .
Vred with u; = o for i € [n

(m=a1 AN Ahap=a,) = ( V ai®a # 0 q)) ( (1)

T Al (Prop. Frege inference)

Anil Shukla Q-MICE
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Separations

We introduce a new family of QBFs called the ‘Indexed Affine QBFs'.

Q.Xn:=YU1...Uogn IXVVi...Vy 3y1...¥n . /\i;é(u)(y; =vi®x)A(yy = vy ®X)
These have linear number of universal variables and exponential many winning strategies.

Q.xn formulas require exponential size proofs in both the Naive and the YExp+MICE proof systems.
Q.xn formulas have a polynomial size Q-MICE proof.
Q-MICE is exponentially separated from the Naive and YExp+MICE proof systems.

Anil Shukla Q-MICE

22/07/26 3/3



	#QBF Problem
	#QBF Basic Proof Systems
	Q-MICE Preliminaries
	Q-MICE
	Discussions
	Appendix
	upperbounds


