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QBF Basics
@00

Quantified Boolean Formulas

QBF = Quantifier prefix + Propositional formula (CNF or logical statement)

¢ = VudeiVurdes . (u1 Ve VuV eg) AN (u1 Ve VuV ?2) A (U1 Ve ViV 62)

AMutVEV uVE)A (i VEVHBVE)A (T Ve Vi VEa)A (I Ve Vi Ve)
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QBF Basics
@00

Quantified Boolean Formulas

QBF = Quantifier prefix + Propositional formula (CNF or logical statement)

¢ = VudeiVurdes . (u1 Ve VuV eg) AN (u1 Ve VuV ?2) A (U1 Ve ViV 62)

AMutVEV uVE)A (i VEVHBVE)A (T Ve Vi VEa)A (I Ve Vi Ve)

Quantified Tree: dashed edges for 0, solid edges for 1 (in this talk).
Depth 0
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QBF Basics
@00

Quantified Boolean Formulas

QBF = Quantifier prefix + Propositional formula (CNF or logical statement)

¢ = VuiderVurdes . (ul Ve VuV 62) A (u1 Ve VuV ?2) VAN (u1 Ve VuV 62)

MuuVEVHVE)A (i VEVTHBVE)A(M Ve Vi VE)A(TIVe ViV E)
Quantified Tree: dashed edges for 0, solid edges for 1 (in this talk).

Satisfiability:
existential node — Vv
universal node — A
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QBF Basics
oeo

Quantified Tree

¢ :=VudeVpde . (Ve VuuVe)AN(mmVeVupVe)A(ui Ve VipVe)
AMuVE VL VE)A (L VEVTHBVE)A(TIVe Vi VE)A (I Ve Vi Ve)

-
-
-

) Model Tree:

o Existential node has 1 outgoing edge
© 'I ! © @ Universal node has both outgoing edges
; K ) % ) @ Contains the root node

he 0 he 0 hg 0 Y% 7 Y e Allleaves are 1

S:{el %71,62%0}
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QBF Basics

[e]e] J

Quantified Tree (contd.)

¢ :=VudeVipde, . (Ve VuuVe)AN(mmVe Vi Ve)A(ui Ve VipVe)
AMuVE VL VE)A (L VEVTHBVE)A(TIVe Vi VE)A (I Ve ViV e)

#QBF = Number of model trees:
existential node — +
universal node — X

S1 = {e1 < 11, & « 0}
«52:{61 %l, 62<—0}
83 = {e1 < 1, € <— u1}
84:{61 — 1, e+ U1/\U2}
85:{61%1, ez%ul/\uiz}

For any quantified statement, having the corresponding
Quantified Tree makes model counting easy w.r.t. its size.
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TQT
©00000000

However, the size of the Quantified Tree is exponential in the number of variables!

We try to truncate it without loosing the #QBF answer:
o If at any internal node v labelled by x;, the subtree rooted at v has all 1-leaves:

o Truncate the subtree
e Find model count at v by running the model count algorithm on the Quantifier Prefix from x, to x;.

o This value will be some 2%, label v with x.
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TQT
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However, the size of the Quantified Tree is exponential in the number of variables!

We try to truncate it without loosing the #QBF answer:
o If at any internal node v labelled by x;, the subtree rooted at v has all 1-leaves:

o Truncate the subtree
e Find model count at v by running the model count algorithm on the Quantifier Prefix from x, to x;.
o This value will be some 2%, label v with x.

o If at any node v, the subtree rooted at v corresponds to a False QBF:

o Truncate the subtree
o Label v with OF (i.e. FQBF with model count 0)
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TQT
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However, the size of the Quantified Tree is exponential in the number of variables!

We try to truncate it without loosing the #QBF answer:
o If at any internal node v labelled by x;, the subtree rooted at v has all 1-leaves:

o Truncate the subtree
e Find model count at v by running the model count algorithm on the Quantifier Prefix from x, to x;.
o This value will be some 2%, label v with x.

o If at any node v, the subtree rooted at v corresponds to a False QBF:

o Truncate the subtree
o Label v with OF (i.e. FQBF with model count 0)

@ For an internal node v and its child nodes vy, vy,
if the subtrees rooted at vy, v1 correspond to QBFs having the same set of J-winning strategies.

e Explore only one child and add double edge from v to that node.
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TQT

O@0000000

Truncated Quantified Tree (TQT)

b =Q.F :=VuiderVusdes . (ul\/el \/U2\/€2)/\(U1\/el\/ u» V?Q)/\(Ul V er VFQ\/GQ)
/\(ul\/eT\/U2V?2)A(U1VF1VTQVF2)A(HVe1Vuﬁ/e?)/\(uﬁVel VFQV?Q)

TQT: (Q, T)

Quantified Tree:
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TQT
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Satisfiability in TQT

A TQT structure G = (Q, T) is true if the existential player can always land on a leaf with label
other than ‘OF" of T when players assign values to their respective variables in the sequence of Q.
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Satisfiability in TQT

A TQT structure G = (Q, T) is true if the existential player can always land on a leaf with label

other than ‘OF" of T when players assign values to their respective variables in the sequence of Q.

¢ :=VudeVpde, . (uVerVuuVe) AN (Ve Vi Ve)A(ui Ve VipVe)
MuuVEVnmVE)A (i VEVHEVE)A(M Ve Vi VE)A(TIVe ViV E)

- Satisfiability:
; / Leaves labelled OF — F
oF Other leaves — T
Existential node — V
Universal node — A
oJoX
N v
1T 0F 1T OF
T F T F
Anil Shukla
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TQT
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Satisfiability in TQT

A TQT structure G = (Q, T) is true if the existential player can always land on a leaf with label
other than ‘OF’ of T when players assign values to their respective variables in the sequence of Q.

¢ = VuderVurdey . (U1V61 \/U2\/e2)/\(U1 VeV u VFz)A(u1Ve1 VFQ\/GQ)
/\(UlV?lvUQVFQ)A(UlvaVTQVFQ)A(mVelvLl2\/?2)/\(ﬁ\/(ﬁ \/Uiz\/eig)

Model count:

@ ’ Leaves labelled OF — 0

4 Leaves labelled 1T — 1
Other leaves — 2<node-label>
Existential node — +
Universal node — x
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Model Tree of TQT: A subtree of TQT containing the root, two outgoing edges for an universal
node , one outgoing edge for existential node and none of the leaves are labelled by OF.

Every such tree has an associated weightage = Model count (similar to above)

#QBF answer is the sum of all weightages of all model trees of the TQT.
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TQT
000®00000

Model Tree of TQT: A subtree of TQT containing the root, two outgoing edges for an universal
node , one outgoing edge for existential node and none of the leaves are labelled by OF.

Every such tree has an associated weightage = Model count (similar to above)
#QBF answer is the sum of all weightages of all model trees of the TQT.

& = VudeiVurdes . (u1Ve1 \/U2\/€2)/\(U1 Ve Vu VFQ)A(U1Ve1 VFQ\/GQ)
A(u1VF1VUQVF2)A(u1 \/671\/72\/672)/\(71\/61\/U2\/€72)/\(u71\/61 VFQ\/?Q)

2
I (TAUT) I I
| | |
/ / I
V Vv v
17T 17T 17T
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TQT
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Model Tree of TQT: A subtree of TQT containing the root, two outgoing edges for an universal
node , one outgoing edge for existential node and none of the leaves are labelled by OF.

Every such tree has an associated weightage = Model count (similar to above)
#QBF answer is the sum of all weightages of all model trees of the TQT.

& = VudeiVurdes . (u1Ve1 \/U2\/€2)/\(U1 Ve Vu VFQ)A(U1Ve1 VFQ\/GQ)
A(u1VF1VUQVF2)A(u1 \/671\/72\/672)/\(71\/61\/U2\/€72)/\(u71\/61 VFQ\/?Q)

2
I (TAUT)
|
(=)
7/ I 7/ 7/ I
V + V V/ v
1T O0F 1T OF 17T 1 17T 1 17 1

1 0 1 0
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Certified Truncated Quantified Tree

TQT doesn't include certificates for the Tautology, the False QBF nodes and the equivalence nodes.
cert-TQT includes these proofs also.
o To certify that two QBFs are ‘Skolem Equivalent’, QBF-proof systems are enough
(see [Pfeiffer, GroBe, and Seidl, 2025])

Therefore, given a cert-TQT and the corresponding QBF, it is easy to verify correctness of cert-TQT.

cert-TQT can be seen as:
@ a knowledge compilation language for QBFs

@ a static polynomial time verfiable proof system for #QBF (for QBFs with at most exponential
model counts, as opposed to doubly exponential).
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[e]e]ele]e] lele]e]

Subtrees and QBF restrictions

$ =V deVurde, . (u1Ve1 \/U2\/62)/\(U1 VeV u VFz)A(u1Ve1 VFQVGQ)
A(u1VF1VU2V?2)A(u1\/EVTQVFQ)/\(HVel\/uz\/eig)/\(uil\/el VFQ\/?Q)

Restricting existential variables:

¢’{el:0} = Vu deiVurdes . (U1V61 \/U2\/62)/\(U1 Ve Vu V?2)/\(U1V€1 VFQVGQ)
/\(u1\/eT\/uQVFg)A(u1VF1VTQVF2)A(WVe1Vuﬂ/e?)/\(uﬁ\/el VFz\/?g)/\(?ﬂ

Anil Shukla On Knowledge Compilation Languages for QBFs 19/07/26 10/23



TQT
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¢ = VudeiVurdey . (U1V61 \/UQ\/GQ)/\(Ul VeV u VFQ)A(U1Vel \/@\/62)
A(u1VF1VUQVF2)A(u1 VEVTQ\/(‘TQ)/\(HVG@VLIQ\/(TQ)/\(W\/Gl \/Uiz\/eiz)

Restricting universal variables:

qD’{ul:l} # YupJdeiVupJes . (Ul Ve VuV 62) A (Ul VeV u \/FQ) VAN (U1 Ve VuV 62)
NuVervVwmVe)AN(uuVerVinVe)A(th VeV Ve)A(ih Ve VinVeée)A(u) (False QBF!)
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TQT
000000800

¢ = VudeiVurdey . (U1 Ve VuV ez) A\ (U1 Ve VuV ?2) A (U1 Ve ViV 62)
ANupVervmVe)AN(mmVeVvVmVea)AN(ttVeVu Ve)A(tr Ve VipVe)
Restricting universal variables:
qD’{ul:l} # YupJdeiVupJes . (Ul Ve VuV 62) A (Ul Ve VuV ?2) VAN (Ul Ve VuV eg)
NuVervVwmVe)AN(uuVerVinVe)A(th VeV Ve)A(ih Ve VinVeée)A(u) (False QBF!)

Making it existential will work:

q)’{ul:l} = Juyde1Vurdes . (u1Ve1 \/U2\/€2)/\(U1 Ve Vu \/672)/\(111\/61 \/lTQ\/eg)
/\(Ul VeV U2\/€72)/\(U1V671\/U72\/672)/\(U71\/61VU2V?2)A(71V€1V72V?2)/\(U1)
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Upper bound for cert-TQT

¢ = JeiVuder..Vup_13de, . (Gt V) A A (@V...VGIVEVT) A(TTV...VU—1Ven)
i€[2,n—1]

© =) © Model count = 22"—n-1

(FQBF) (FQBF)

All FQBF nodes: have a universal unit clause in the formula (easy)
All TAUT nodes: the root-to-node path satisfies all clauses

We provide QBF Benchmarks based on these formulas: ‘Rec_Alt_Taut_False’ instances
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Lower bound for TQT

Quant-Parity, := Je1Vu1..Vu,—13e, . (61 D u1 ® ... ® up—1 D €p)

Any TQT representing Quant-Parity, requires size exponential in n.

Proof: Truncation of Quantified Tree not possible until depth 2n — 2.
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TQD
[ JeYeleTole]

Certified Truncated Quantified DAG

TQD is a generalized TQT with DAG-edges of the following form:

@ two or more outgoing edges from nodes in the same depth can go to the same child node.

cert-TQD is a generalized cert-TQT as it includes:

@ proofs that all root-to-node paths on the DAG-edges are Skolem equivalent.

Anil Shukla On Knowledge Compilation Languages for QBFs 19/07/26 14 /23



Upper bounds for cert-TQD

Quant-Parity, can be encoded as a QBF using Tseitin variables:

TQBF—Parityn = JeiVu It1deVurIty.. . It,—1de, .

(irereadu)N N (tieotioi@edu) N(tho1@ep)
ic[2,n—1]

The languages of TQD and cert-TQD are more succinct than TQT and cert-TQT.
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TQD
00000

Upper bounds for cert-TQD (contd.)

TQBF-¢, := de1Vur3dcy, ¢...depVuyIeon—_1, con - /\ (?,\/ C2,'_1) A\ (F,\/ C2,'_1) A (e,- V C2,') VAN (u,- V C2,')
i€[n]

Model count = 22" —2

All FQBF nodes: have a Falsified clause in the formula (easy)
All Equivalent edges: corresponding QBF formulas are identical

We provide QBF Benchmarks based on these formulas: ‘Phi_True' instances

Anil Shukla On Knowledge Compilation Languages for QBFs 19/07/26 16 /23



Lower bounds for TQD

QXOR-pairs are known to be easy for the #QBF proof system Q-MICE [Chede, Chew, Krishan, S,
SAT-2026].

QXOR-pairs := Vuy, ..., u, A (xij < ui @ u))

d xij.
i#j€(n] i#jeln]

Any TQD representing QXOR-pairs requires size exponential in n.

Proof: Need to branch individually on all uy, ..., u, variables in the starting of the TQD.
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Q-MICE p-simulates cert-TQD

A proof in Q-MICE consists of claims in the form (Q.F|,, A, ¢) where:
@ Q.F is the input QBF
@ p is partial assignment to universal variables
@ A is a partial strategy i.e. some existential variables are assigned
o

c is then the correct number of models for QBF Q.F|,ua

However, here we just need A to be partial assignment to (some) existential variables.
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TQD
[eleYeleTe] ]

¢ = VudeiVurdes . (U1\/€1 \/Uz\/GQ)/\(Ul VeV u VFQ)A(U1Ve1 \/FQVGQ)
A(U1V?1VU2V?2)A(U1 \/671\/72\/672)/\(71\/61VUQ\/?Q)/\(W\/Gl \/TQVFQ)

Claim no. Rule Claim TQD Edge no.
G Axiom (Pl{wm=0,u=0}, {1 =1,&2 =0}, 1) 9

Axiom-Rule: 52—, when F|,u, is a Tautology and
_ (Q.Flp, a, ) P )
c is the correct model count of the corresponding subtree.



TQD
[eleYeleTe] ]

¢ = VuderVurdes . (U1V61 \/UQ\/GQ)/\(ul VeV u VFQ)A(U1Ve1 \/u72\/62)
A(u1VEVU2v5)A(u1 \/671\/72\/672)/\(71\/61VLIQV(-TQ)/\(W\/Gl \/U72\/672)

Claim no. Rule Claim TQD Edge no.
Cl Axiom (q)‘{ul:O,ug:O}v {61 =1l,e= 0}, 1) 9
G Absence of models  (®|(y,—0,u,—0}> {&1 =1,&2 =1}, 0) 10

Absence of models rule: QF, @0 when there is explicit proof that Q.F|,. is a False QBF.



TQD
[eleYeleTe] ]

& = VuderVurdes . (U1V61 \/U2\/€2)/\(U1 Ve Vu VFQ)A(U1VG1 \/TQVGQ)
/\(Ul\/?l\/UQ\/?Q)/\(Ul VEVTQ\/?Q)/\(H\/G;LVUQVFQ)A(ﬁVel \/TQVFQ)

Claim no. Rule Claim TQD Edge no. -1 - >
G Axiom (Pl{u=0,;=0}, {1 =1, =0}, 1) 9 @ @
G Absence of models  (®|{y,—0,u,—0} {&1 =1,&2 =1}, 0) 10 , -7
G Composition (Cy, G2) (®l{u=0,u=0}> {&1 =1}, 1) 8 3// 4 5 6
L
0F , 2
7|18
(FQBF) (TAUT)

(Q.Fl,, aU{y=0}, c1) (Q.F|,, aU{y=1}, o)
(Q.F|p, a, C1—|—C2)
p U « assigns all and only variables to the left of y in the prefix Q.

Composition rule: can be used when,



TQD
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& = VudeiVurdes . (u1Ve1 \/UQ\/GQ)/\(Ul Ve Vu VFQ)A(U1VG1 \/LTQ\/GQ)
A(U1V?1VU2V?2)A(U1 \/671\/72\/6‘72)/\(71\/61\/U2\/672)/\(LI71\/61 \/FQVFQ)

Claim no. Rule Claim TQD Edge no.
G Axiom (Pl{u=0,;=0}, {1 =1, =0}, 1) 9
G Absence of models  (®[;,,—0,u,—0}, {€1 =1,&2 =1}, 0) 10
G Composition (Cy, G2) (®l{u=0,u,=0}> {&1 =1}, 1) 8
Gy ~G (¢‘{u1:0.u2:1}! {81 = 1}/ 1) 7
(Q'F‘pp g, C)

Equivalence rule: (@-Flyyr a2, ) when there is explicit proof that the QBFs are Skolem equivalent
Tlpoo )



TQD
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& = VuderVurdes . (U1V61 \/U2\/€2)/\(U1 Ve Vu VFQ)A(U1VG1 \/TQVGQ)
/\(Ul\/?l\/UQ\/?Q)/\(Ul VEVTQ\/?Q)/\(H\/G;LVUQVFQ)A(ﬁVel \/TQVFQ)

Claim no. Rule Claim TQD Edge no. -1 - >
G Axiom (Pl{u=0,;=0}, {1 =1, =0}, 1) 9 @ @
G Absence of models  (®|{y,—0,u,—0} {&1 =1,&2 =1}, 0) 10 , -7
G Composition (Cy, G2) (®l{u=0,u=0}> {&1 =1}, 1) 8 3// 4 5 6
G = G (®l{u=0,u=1}> {&1 =1}, 1) 7 0; | 2
C5 Join (C37 C4) (d)‘{ulzo}v {61 = 1}, 1) 4 (FQBF) 7 |8 (TAUT)

Flouy= Flouy=
Join rule: (@ Ipnyo,(ch ,_—C|1) a((gl,c‘;)uyfl’ % %) can be used when,
Flps ’

p U « assign all and only variables to the left of y in the prefix Q.



TQD
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& = VudeiVurdes . (u1Ve1 \/U2\/€2)/\(U1 Ve Vu VFQ)A(U1Ve1 \/Uiz\/ez)
A(u1VF1VUQVF2)A(u1 \/671\/72\/672)/\(71\/61\/U2\/€72)/\(u71\/61 VFQ\/?Q)

Claim no. Rule Claim TQD Edge no.
G Axiom (®l{u=0,u=0}, {1 =1, =0}, 1) 9
G Absence of models  (®|(,—0,u,=0}> {&1 =1,&2 =1}, 0) 10
G Composition (C1, G) (Pl{u=0,=0}, {&1 =1}, 1) 8
G ~ G (Pl{u=0,u,=13, {1 =1}, 1) 7
C5 Join (C37 C4) (q)‘{ul:o}, {61 = 1}. 1) 4
(@] Absence of models (®l{u=0}> {&1 =0}, 0) 3
G Composition (Cs, Cs) (®lgu=op> 0, 1) 1
Cs Axiom ((D‘{ul:l}ﬁ {61 = ].}7 22) 6
Go ~ Gy (Pl{=1}, {& =0}, 1) 5
Cio Composition (Cg, Co) (Pliu=1}> 0, 5) 2
C11 Join (C77 ClO) (d), Q)A, 5) -
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Experimental Results
[ o)

Experimental Setup

We have implemented a solver denoted as TQTSolver.

For an input QBF, TQTSolver first builds a TQT representation. Followed by computing the
model count of TQT.

We run the TQTSolver on new benchmarks and the benchmarks provided in [Capelli, Lagniez,
Plank, and Seidl, 2024].

Compare the performance of TQTSolver and d4-QBF [Capelli, Lagniez, Plank, and Seidl, 2024].
Experimental setup:

o The experimental evaluation is performed on an Amazon Web Services (AWS) EC2 ‘r7a.2xlarge’
instance running Ubuntu.

@ Run on single core: 900 seconds timeout and a 32 GB memory limit per instance.

e instance unsolved: either timeout or memory not sufficient.
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Experimental Results

d4-QBF Runtime (seconds)

Timeout

600

300

0.1

Experimental Results
oce

¢ 0586 DA D & oxm X0 mo ®©

O 03K coam EQTrue
o EQTrueNested
PARITYTrue
o o + Random
X Unique
o eval2008
< o ® O PhiloTaTonlyl
@ O RecAlt [ TQT only]
< o
o

il Shukla

S -

TQTSolver Runtime (seconds)

&

timeot § @ TQTSolver: model count on Phi
B ° mree
Y W TQTSolver: model count on RecAlt
g g s D i or motel o anbect
g v o
9 £
8 T
0.1
§
; Benchmarks Solvers d4-QBF | TQTSolver
b3 Phi_ True (99 files) 31 99
o Rec_ Alt Taut_False (99 files) 31 99
R i Random generated (1800 files) 1800 1800
Unique (666 files) 666 101
HEo e X PARITYTrue (24 files) 24 14
EQTrueNested (24 files) 24 13
S EQTrue (24 files) 23 11
< eval2008 (458 files) 93 36
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Discussions

Future Directions

@ Theoretical p-simulation results between cert-TQD and d4-QBF?

@ To improve our solver by incorporating more engineering and optimization techniques.

@ Extends the TQTSolver to TQD.
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Thank you. J
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Algorithm 1. Explorer

Algorithm 2. EvaluateTreeHelper

Require: A QBF Q.¢ and a partial assignment a.

Ensure: A TQT structure (Q, T).

N < Node(F = Q.¢,e =0,v =0).
© Q¢ N.e + Simplify(Q.9).
k «+ ComputeHash(Q'.¢").
. if Cache(k) then
N.eq < Cache(k).
Output N as SEEN.
end if

. Cache(k) < N.
. if FQBF(Q'.¢') then

Output N as FQBF_LEAF.

. else if TAUT(¢) then

N.v < TautCountStrategies(Q’.¢’).
Output N as TAUT_LEAF.

: end if

: Denote the leftmost variable in Q’.¢’ as a.

: Output N as EXPANDED.

: N1 < Explorer(Q'.¢' |a=0,a U {a = 0}).
:if Equiv(Q'.¢' |a=0, Q"¢ |a=1) then

N2 < /V1.

. else

: No < Explorer(Q'.¢' |a=1,aU {a=1}).
. end if
: Output an edge from N to N; and N, each.

Require: A TQT structure (Q, T) and a node N in T.
Ensure: An integer ¢ denoting the value calculated at N.

1:

if memo(/V) then
Return memo(N).

: end if

if N.eq is set then

¢ + EvaluateTree((Q, T), N.eq).

Cc 2N.e7N4eq4e X C.
memo(N) « c.

: else if N is an FQBF leaf then

memo(N) < 0.

. else if Nis a TAUT leaf then

memo(N) « 2N-¢ x N.v.

: else

c1 « EvaluateTreeHelper((
¢ < EvaluateTreeHelper((
if N is universal node then
C < C1 X Cp.
else
c<+c+ oo
end if
memo(N) « 2N-¢ x c.

: end if
: Return memo(N).

Q7T
QT

)

), left(N)).
), right(N)).




oeo
Model count of ‘Rec_Alt_Taut_False’ instances (n > 2):

(TAUT) (TAUT) (TAUT)
2n—1 -1 2n—2 -1 1

(FQBF) (FQBF)

Taut_count + 1

models + 1

fori< 1ton—1do
Taut_count + 2 x (Taut_count)? Model count = 22"—"-1
models < models x Taut_count

end for

return models
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Solver
[efe] ]

Model count of ‘Phi_True' instances (n > 2):

Prev_count + 1

models < 1

for i < 1 to ndo
Prev_count < models Model count = 22""'-2
models < 4x Prev_count?

end for

return models
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